Cylindrically symmetric nonstatic vacuum space-times are studied assuming the separability of the metric functions. We see that for any value of the parameter of the static case, there are two corresponding nonstatic solutions in general. Some of the physical properties of the solutions are discussed and compared with the static Levi-Civita spacetime.
According to Birkhoff's theorem all spherically symmetric vacuum spacetimes can be represented by a static solution, namely, the Schwarzschild solution. Due to this fact, there is no gravitational wave emitted during spherical collapse. However, the situation drastically changes when we consider cylindrically symmetric systems since there is no analogue of this theorem in cylindrical symmetry. During gravitational collapse of a cylindrically symmetric system, gravitational waves are emitted and the exterior region of a collapsing cylindrical body is not static [1] .
Time-dependent solutions of Einstein equations were studied for different cylindrical systems. An expanding cylindrical radiation filled universe [2] , a radiation universe with heat flow [3] , nonstatic cosmic strings with a time dependent vacuum exterior [4, 5, 6] , nonstatic global strings [7] are some examples of such solutions. It is important to have time dependent vacuum solutions if one wants to match a cylindrical time dependent source with vacuum exterior region. Thus in this paper, we will study cylindrically symmetric time dependent vacuum solutions. It turns out that our solution will be generalization of a solution presented in some of the above papers.
If ∂ z and ∂ φ are the axial and the angular killing vectors desribing cylindrical symmetry, then the most general cylindrically symmetric metric in diagonal form can be written as [8] :
where K, U and W are functions of r and t in general. Here r is the radial, t is the time, z is the axial and φ is the angular coordinate with the ranges 0 ≤ r < ∞, −∞ < z, t < ∞, 0 ≤ φ ≤ 2π. Choosing an orthonormal basis e 0 = e K−U dt, e 1 = e K−U dr, e 2 = e U dz and e 3 = e U W dφ, one finds the nonzero components of the Ricci tensor as:
where prime means ∂/∂r and dot means ∂/∂t. Let us first rederive the static vacuum solution, namely, the Levi-Civita [9] metric. It is the static solution of the metric (1) . To derive it we need to solve R µν = 0 when the metric functions are only functions of r. Hence, R 01 immediately vanishes. R 22 and R 33 gives W = f r + g and
From R 00 and R 11 we find K = ln h(f r + g)
Here f, g, d, h, k are real constants. Without loss of generality we can take g = 0 and f = 1. Replacing back these into the metric, we find:
where we rescaled the coordinates r, t and z. Applying the following coordinate transformations:
we can write (2) into its conventional form:
where s and L are real constants. To understand the meaning and the behaviour of metric parameters s and L, one needs to match it with an interior solution. Static cylinders [10] and cylindrical shells [11] are constructed as a source of this metric. Shells composed of various matter sources satisfying some energy conditions for certain ranges of s are also studied [12] . Here s is related with the energy density of the source whereas L is related with the global conicity of the space-time. We refer to above papers for detailed study of this metric.
If we choose K, U and W as a function of t only and repeat the calculation above, we can easily find the Kasner solution [13] in the form of (2) as:
where q is a real constant. For this case the coordinates can be thought of as the Cartesian coordinates. The coordinate transformation t ′ = (Q t) Q −1 can be put the Kasner solution in its familiar form as:
where we have removed ′ for clarity and a = (q
Kasner solution corresponds to an anisotropic homogenous cosmology. Here the constants a, b, c satisfy the Kasner constraints
Right now, we have studied vacuum solutions when the metric functions are the functions of either the time or the radial coordinate r. However, our aim was to find such solutions when the metric functions are both the functions of r and t. At this point, we need some simplifications because Einstein equations are complicated. We choose the metric functions as separable functions of r and t. Then K(r, t) = K 0 (r) + K 1 (t), U (r, t) = U 0 (r) + U 1 (t) and W (r, t) = W 0 (r)W 1 (t). Replacing back these in the Ricci tensor we see that since there are no mixed derivative terms, time derivative parts and r derivative parts separate from each other for each diagonal components of Ricci tensor. Thus, vanishing of the Ricci tensor requires vanishing of the time derivative parts and r derivative parts separately. Since we know the solutions of these separated parts, the LeviCivita and Kasner solutions, K, U and W are thus determined. The R 01 term determines the relation between the parameters of time dependent parts and r dependent parts. Thus we have the metric functions:
Putting these back in the Ricci tensor we see that all components vanish except
Thus equating (9) to zero we get q = k ± 1 which results in two classes of solutions:
with ǫ = ±1. Thus, we find a class of solutions which we may call Levi-CivitaKasner space-times. It is better to express them with the Levi-Civita parameter since we may want to compare them with the static solution. The transformations:
leads to the following metric:
where we again rescaled the coordinates τ, R, z, absorbed all constant into α and
For any value of s we have two different solutions depending on ǫ = ±1. These solutions are in the form of the generalized Kasner spacetimes [14] and the metric functions A, B, C and E, F, G satisfy the Kasner constraints separately. The Kretschmann scalar K = R abcd R abcd of these solutions are
We see that, this spacetime has singularities as in the static case. It is well known that the static Levi-Civita spacetime is singular at r = 0, except for s = 0, s = ±1/2 and s → ∞. For these values of s, the solution is regular and locally flat. If one compares the static solution with the nonstatic solutions, one realizes that there are similarities and differences. For ǫ = 1 only when s = 0 or s = 1/2, the solution is locally flat. For other cases, there are singularities. For s = 1/4 we have a singularity at r = 0 whereas for s → ∞ we have singularity at t = 0. For all other values of s we have singularities at both r = 0 and t = 0. When ǫ = −1 the situation is also different. For this case when s = 0 the solution is not locally flat but contains a singularity at t = 0. There are locally flat solutions when s = 1/2 or s → ∞. For s = 1 we have a singularity at r = 0.
For other values of s we have both line and big-bang singularities.
As we have mentioned, for s = 0 and s = 1/2 static Levi-Civita solution (4) is flat. Corresponding solutions for ǫ = ±1 are:
Here the first and third metrics are flat whereas the second one is curved. The first and third metrics can be put into standard Minkowski form with a suitable coordinate transformation. The second solution (19) was introduced in [3, 6, 7] as an exterior vacuum solution to their interior cylindrical source. It is not singular at r = 0 but has a big bang singularity at t = 0 since its Kretschmann scalar is K ∼ t −4 . The radial acceleration of a free test particle at rest in the coordinate system of (12) is given by:
The radial acceleration in static Levi-Civita spacetime can be found by taking A = 0. For Levi-Civita spacetime, when the parameter s is positive, the axis is attractive and when s is negative, the axis is repulsive. For a particle in constant radius, the magnitude of acceleration is increasing with increasing s when 0 < s < 1/2, and decreases with increasing s when s > 1/2. For s = 0, no radial force is exerted on a particle at rest. For nonzero s, when the radial distance increases, radial acceleration decreases. As in the Levi-Civita spacetime, for the Levi-Civita-Kasner spacetimes (12) when s positive the axis is attractive and when s negative the axis is repulsive. And also when s = 0, no radial acceleration is felt by a particle at rest. However, since the solution is time dependent, the behaviour of acceleration is changing with time. A typical behavior for t = 3 can be seen in Figure 1 . Here, for ǫ = 1 the magnitude of acceleration increases with increasing s up to s ∼ 0.17, then it starts to decrease sharply up to s ∼ 0.3 then it decreases monotonically with increasing s. For ǫ = −1 situation is different. It increases monotonically up to s = 1/2 then increases more sharply up to s = 3/2 then starts to decrease with increasing s. When the time evolves, the radial acceleration is getting stronger for certain ranges of s and out of this range, particle feels very tiny force. For ǫ = 1 this range is in between 0 and 0.2. For ǫ = −1 the situation is reverse. For small s particle feels very small force. The region where acceleration is very strong is near s ∼ 1. For other values of s a test particle feels practically no radial force on it.
In summary, we have investigated cylindrically symmetric nonstatic vacuum solutions. For any value of the Levi-Civita parameter, in general, we have two corresponding nonstatic vacuum solutions. The solution we have presented is a generalization of a particular exterior vacuum metric (19). Except for certain values of s, our solutions contain scalar singularities at r = 0 and t = 0 which cannot be removed by coordinate transformations. However, singularities in vacuum solutions indicate the existence of sources generating these exterior vacuum solutions. Thus the next direction will be finding physically admissible sources generating these vacuum solutions for the full range of s. We believe that these vacuum solutions will be helpful for further studies of time dependent cylindrical systems.
